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ABSTRACT 
Let K be a complete ultrametric algebraically closed field, let A(K) be the ring of entire functions in 
K. Unique Range Sets (URS'S) were defined in [5], and studied in [6] for complex entire or mero- 
morphic functions. Here, we characterize the URS'S for polynomials, in any algebraically closed 
field, and we prove that in non archimedean analysis, there exist URS'S of n elements, for entire 
functions, for any n 2 3. When n = 3, we can characterize the sets of three elements that are URS's 
for entire functions. 
INTRODUCTION AND THEOREMS 
Notations and definitions. L will denote an algebraically closed field of char- 
acteristic 0, L* will denote {x E L 1 x # 0}, i will denote the projective space of 
dimension 1 associated to L, and dff(L) will denote the group of the mapping 
from L to L of the form h(x) = ax + h, with a # 0, and Id will denote the iden- 
tical mapping in L. 
In L, a set S will be said to be stifS if there exists no h E As’(L) but the 
identity such that h(S) = S. 
An n-degree polynomial P(x) E L[x] will be said to be ufible if the set of its 
zeros consists of n different elements and is stiff. 
Example. Let < be a zero of the polynomial x2 + x + 1. Then the sets Sa = 
{-l,O,l},andSr ={1,C,c2}arenotstiff. 
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Remark 1. A stiff set has at least 3 points, because given 2 points a, b E L, there 
obviously exists y E dff(L), such that $a) = b, r(b) = a. 
Lemma A below is easily obtained by elementary algebraic considerations. It 
lets us understand better what the stiff sets of three points are. 
Lemma A. Let S = {cq p, y) c L, lets be the sum of its elements, let t = s/3, and 
let C be a zero of the polynomial x2 + x + 1 E L[x]. Then S is not stiflifand only if 
it has one of thefollowing two forms: 
(i) S = {t + h, t + <h, t+ c2h}, with h E L, 
(ii) S = {t - h, t, t + h}. 
Notations. K will denote a complete ultrametric algebraically closed field of 
characteristic zero, and K * will denote {x E K 1 x # 0). We will denote by d(K) 
the ring of entire functions in K, and by M(K) the field of meromorphic func- 
tions on K, i.e. the field of fractions of the ring d(K). 
For a subset S of L (resp. K) and f E L(x), (resp. f E M(K)) we denote by E(f, S) 
thesetinK x N”: lJ~ES{(z,q)EKx~*Izzerooforderqoff(z)-a}. 
Definition. Let B = L[x] (resp. 13 = d(K)). A subset S of L (resp. of K) is 
called a unique range set (a URS in brief) for B, if for any two non constant ele- 
ments f, g of D such that E(f, S) = E(g, S), one has f = g. 
Remark 2. If a set S is a URS for d(K), then for every function h E dfl(K), 
h(S) also is a URS for entire functions. 
Remark 3. If a set is not stiff, it is not a URS for L[x], and obviously, neither is it 
for entire functions, when the field is C, or K. 
Remark 4. By Remark 1, if a finite set is a URS for L[x], or for d(K), it has at 
least 3 points. 
In @, first Gross and Yang constructed infinite URS'S for entire functions [5]. 
Next, Yi Hongxun proved the existence of URS'S of n elements for entire func- 
tions, for any n > 15 [6]. 
On the other hand, in a non archimedean complete algebraically closed field 
like K, Adams and Strauss showed [l] that for every couple (a, b) E K*, iff, g E 
d(K) satisfy f -‘({a}) = g-‘({a}), and f -‘({b}) = g-‘({b}), then f = g. 
In the same way, a URS for meromorphic functions must have at least 
4 points, because given 3 points a, b, c, there does exist a homographic func- 
tion h that permutes the set S = {a, b, c} (in a non trivial way), so S is not a 
URS. 
So, one might ask whether there exists a URS for entire functions that admits 
only 3 points. Our purpose here consists of showing that in a complete non 
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archimedean algebraically closed field K, there exist finite URS'S of n elements 
for d(K), for any n > 3, and then we will characterize the sets of three points 
that are URS'S. First, we will study thoroughly URS'S for polynomials, by means 
of very classical algebraic properties, and next we will apply some of these re- 
sults to study URS'S for entire functions, using properties of valuation functions 
for non archimedean entire functions. 
First, by elementary considerations, we will prove Theorem 1. 
Theorem 1. AJinite set S in L is a URSfOr L[x] ifand only ifit is stt$ 
In the proof of Theorem 4, it will be helpful to have a good characterization of 
affable polynomials of a certain type. 
Theorem 2. Let a E L* and let n, m E N satisfy n > m > 1. Let P(x) = 
x” - ax” + 1 E L[x]. Then P is aflable zfand only if it satisfies the following three 
properties: 
(i) n, m are relativelyprime, 
(ii) a” # n’/(m)“(n - m)“-“l). 
(iii) Either (m < n - l), or (m > 2), or ((n,m,a3) # (3,2,$). 
Theorem 3. Let n:m E N satisfy n > m > 3 and be such that the polynomial 
P(x) = x” - ax”’ + 1 is afible. Then the set S of its n zeros is a uRs for d(K). 
Example. Let a E K* be such that 27a4/256 is different from 1 and let 
z~,z~,z~,z~bethe4zerosofthepolynomialx4-ax3+1.Then{z~,z~,z3,z~}is 
a URS for d(K). 
Theorem 4. A set S of three diferentpoints in K is a uns for d(K) if and only {fit 
is sti# 
Corollary. For any integer n > 3, there exist URSk for d(K), having n elements. 
Open question. According to Theorems 1 and 4, and Remark 4 above, we may 
ask whether a finite set S in K is a URS for d(K) if and only if it is stiff. 
THEPROOFS 
Lemma 1 is quite elementary, and easily checked. 
Lemma 1. Let a E L* and let n, m E N satisfy n > m > 1. Let Q(x) = 
x” - ax”’ + b E L[x]. Then Q has a multiple zero, tfand only if a satisfies 
an = b”-” 
n” 
mm(n - m)n-m ’ 
Lemma 2. Let f E d(K) have no zero in K. Then f is a constant. 
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Proof. Let f(x) = Cj”=, , a,xj. It is known that the number of zeros of f 
in any disk d(0, ) r is equal to the largest of the integers 1 such that lallr’ = 
supi,, (ujrj, (Theorem 23.5 in [3]). Hence, if f has no zero in K, obviously 
a,=OVn>O. 0 
Lemma 3. Let S be a stiff set in L (resp. K), and let f, g E L[x] (resp. let f, g E 
d(K)) be non constant, such that f -l(S) = g-‘(S). Zf there exists y E dff (L) 
(resp. y E dfl(K)) such that f = y o g, then f = g. 
Proof. Let T = f -l(S). Since g is not constant, it is obviously surjective if it 
belongs to L[x] (resp. it is surjective by Lemma 2 if it belongs to d(K)). For 
each u E S, there exists x E T such that g(x) = U, hence y(u) = f (x) does be- 
long to S. So, we have y(S) c S. In the same way, it is seen that r-‘(S) c S. 
Hence we have y(S) = S. But since S is stiff, we see that y is the identity on L 
(resp. K). q 
Lemma 4. Let P, R, f, g E L[x] satisfy deg(P) = n 2 1, and deg(g) I deg(f) = 
q, deg(R) < q(n - l), with q 2 1, and 
(1) P(f) = XP(g) + R, with X E L*. 
Then f is of the form t3g + c, with 8” = A. 
Proof. Clearly, we have deg(g) = q. We put f = Cy,, Ujx’, with a4 # 0, and 
g=C? ,x0 bjx’, with b, # 0. Identifying the coefficients of x”q on both sides 
of (l), we get ai = Xb,“, i.e. a4 = Bb,, with 9” = A. Now, identifying step by 
step the coefficients of xh for each h > (n - l)q, we obtain aj = t’bj for all 
j > 0. Thus we have f - a0 = 0(g - bo). Setting c = a0 - Bbo, we finally obtain 
f = eg+c. 0 
Lemma 5. Let h E M(K) be a meromorphic non constant function. Then h takes 
every value in K except at most one. 
Proof. Suppose that h does not take two distinct values o, p E K. We write h = 
f/g, where f and g are entire functions with no common zeros, so the mero- 
morphic function H = (f - ag)/(f - ,Bg) has no zeros and no poles. There- 
fore, by Lemma 2, H is equal to a constant y E K\(l) and so we have 
h = (a - ,@y)/( 1 - r), which is a contradiction. q 
Lemma 6. Let S = (~1,. . ,z,} be a set in L (resp. in K), and let P(x) = 
nT= 1 (x - zj). Let&g E L(x) (resp. letf, g E M(K)) have the samepoles, taking 
multiplicities into account, and satisfy E(f, S) = E(g, S). Then, there exists a 
constant X E K dtjerent from zero such that P(f (x)) = XP(g(x)) for all x E L, 
(resp. forallx E K). 
Proof. It is easily checked that E(f, S) = E(Pof, (0)). Hence, Pof and 
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P og have the same zeros, taking multiplicities into account. Let h(x) = 
(P(f(x)))l(P(g(x))). Thus h 1s an element of L(x), (resp. M(K)) which has 
neither any zero, nor any pole. So, it obviously is a constant if h E L(x), and it is 
a constant by Lemma 5 if h E M(K). u 
Proof of Theorem 1. We know that a finite URS for L[x] is stiff. Now, let S = 
{Ql,..., a,} be a finite stiff set in L, and let P(x) = ny=, (x - aj) and let f, g E 
L[x] be such that E(f, S) = E(g, S). By Lemma 6 we have P of = XP o g, hence 
we may apply Lemma 4 with R = 0, and there exists y E dff(L) such that f = 
y o g. But then, by Lemma 3 we have f = g, hence S is a URS for L[x]. Cl 
Lemma 7. Let P(x) = x” - ax”’ + bx’ + CL:\ /3kxk E L[x] satisfying ah # 0, 
and n > m > I > 0. Let f, g E L[x]\L satisfy 
(1) P(f) = XP(g) for some X E L*. 
If m, n, a satisfy one of the following three conditions, then we have f = Bg, with 
8” = 0” = A. 
(i) n - 1 > m, 
(ii) n - 1 = m > I + 2, 
(iii) n - 1 = m = I+ 2, anda # (3n2b)/((n - l)(n - 2)). 
Moreover, if (ii) or (iii) is satisfied, then 0 = 1. 
Proof. Since both f, g are non constant polynomials, by Lemma 4 f is of the 
form f = fig + c with 0” = X. As in Lemma 4, we put f = CT_, ajxj, with 
a4 # 0, and g = cTZo bjxj, with b, # 0. 
First, assume (i) is satisfied. We have aa = Qbo, and so, f = Bg, and 0” = 
8” = x. 
Now, suppose (i) is not satisfied: so we have n - 1 = m, and of course, 
.f - ao = @(g - bo), and then c = a0 - 8bo. Whence, we obtain 
(2) 
(& + C)” - a(@ + C)m + b(Bg + c)’ + ;c; j!&(eg + C)k 
I- I 
= 8” - ag” + bg’ + C pkgk 
k=O 
Now, by identifying the coefficients of g”- ’ on both sides of (2), and replacing 
m by n - 1, we get /3”-‘(nc - u) = aB”, i.e. c = a((1 - fl)/n). If 19 = 1, of course 
we have c = 0, and f = g. So, we assume 0 # 1, and therefore we have c # 0. 
Since (i) is not satisfied, we assume that either (ii) or (iii) is satisfied, hence 
m > 1. So, we can go one step further, by identifying the coefficients of gne2 on 
both sides of (2). We obtain ((n(n - 1)/2)c2 - ac(n - l))PP2 = 0, i.e. 
(3) 
2 
c=-a, and f?= -1. 
n 
Suppose now that (ii) is satisfied. We can still go further by identifying 
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the coefficients of gnp3 on both sides of (2), and then we obtain 
((n(n - l)(n - 2)/6)c3 - ((n - l)(n - 2)/2)ac*)13”-~ = 0, i.e. c = 3a/n, which 
contradicts (3). So, c = 0, f3 = 1, andf = g. 
Finally, suppose that (iii) is satisfied. By identifying the coefficients of gn-3, 
now we obtain ((n(n - l)(n - 2)/6)c3 - ((n - l)(n - 2)/2)ac* + b)B”-3 = bd”. 
Hence by (3), we have (n(n - l)(n - 2)/6)(8a3/n3) - ((n - l)(n - 2)/2)a) x 
(4a2/n2) = b(e3 - l), h ence a3 = (3n*b)/((n - l)(n - 2)), which contradicts 
the hypothesis. So, again we have proven c = 0, 8 = 1, f = g. This ends the 
proof of Lemma 7. 0 
Lemma 8. Let a E L*, and let n and m be relatively prime, such that (n,m, u3) # 
(3,2,7). Let P(x) = xn - ax” + 1, and let y E Aff (L). If there exists X E Lsuch 
thatPoy=XP,theny=ZdandX=l. 
Proof. First, assume m = n - 1 > 2: clearly hypothesis (ii) in Lemma 7 is sat- 
isfied, hence y = Id and X = 1. Next, we assume n = 3, m = 2. By hypothesis 
(n,m,a3) # (3,2,?), we check that hypothesis (iii) in Lemma 7 is satisfied, 
hencey=IdandX= 1. 
Next, we assume m < n - 1. Then, by Lemma 7, there exists 0 E L* such that 
0” = 8” = A, and y = old. Hence, we have 8” = 13” = 1. But since m, n are 
relatively prime, this implies 0 = 1, and therefore the conclusion follows. c] 
Proof of Theorem 2. First, we suppose that P has at least one multiple zero 8. 
By Lemma 1 we have: a” = n”/(m”(n - m)“-“) and therefore (ii) is not satis- 
fied. 
Now we suppose that the set S of zeros of P consists of n different points, but 
that there exists y E dff (L), different from Id, such that y(S) = S. Let Q = 
P o y. Since deg(P) = deg( Q), it is seen that Q admits each point of S as a zero 
of order 1, and therefore, S is the set of zeros of Q. So there does exist X E L 
such that Q = XP. Then, by Lemmas 7 and 8, we have y = Id and S is stiff. 
Conversely, if (ii) is not satisfied, it is seen that P has at least one multiple 
zero. If(i) is not satisfied, given a common divisor q > 1 of n and m, it is seen 
that a primitive q-th root C of 1 defines a mapping y as y(x) = <xx, that permutes 
the set of zeros of P, so P is not affable. Finally, if (iii) is not satisfied the affine 
mapping h defined as h(x) = -x + 2a/3 satisfies h(S) = S when a3 = 3. So, 
this finishes the proof. q 
Lemma 9. Let (Ckj)*<jsn be n d$erentpoints in L. There exists h E dff (L) such 
that thepolynomial P(x) = nl= 1 (x - h(oj)) satisfies P(0) = 1, and P’(0) = 0. 
Proof. First, for each t E L, we put et(x) = nr=, (x - (aj + t)). It is seen that 
Q:(O) is a polynomial in t of degree n - 1. Let p be a zero of this polynomial. 
Now we consider the polynomial F(x) = ny= 1 (x - (aj + p)). By definition, we 
have F’(0) = 0. Besides, we notice that Cyj + p # 0 Vj = 1,. , n, because if 
there existed k < n such that cyk + p = 0, then CX~ would be a zero for F of order 
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superior or equal to 2, and therefore there would exist j # k such that oi = @k, 
which contradicts the hypothesis. 
Thus, we can find X E L such that XnF(0) = 1. So, putting h(x) = X(x + p), 
and P(x) = fly=, (x - h(~j)), we check that P’(0) = A”-‘F’(O) = 0. and 
P(0) = 1. 0 
Notations. Let L[[x]] be the ring of power series with coefficients in L, and let 
L((x)) be its field of fractions. 
Then every f(x) E L((x))\{O} is of the form xq(j)h(x), with q(f) E Z, and 
h E L[[x]], satisfying h(O) # 0. Then a mapping $ from L((x)) to Z u { CG} de- 
fined as J/J(~) = q(f) iff E L((x))\{O}, and +(O) = CC is known to be a discrete 
ultrametric valuation.. 
For every a E K, and r > 0, we will denote by C(a,r) the circle 
{x E K 1 (x - al = r}, by d(a, r) the disk {x E K ( Ix - a( 5 r}, and by d(a, r-) 
the disk {x E K 1 Ix - al < r}. Inside a circle C(a, r), any disk d(b, r-), with b E 
C(a, r) is called a class ofC(a, r). 
Now, let f‘ E M(K). Since M(K) is clearly included in K((x)), the restriction 
of $ to M(K) defines a discrete ultrametric valuation. Besides, for each 0: E K, 
givenJ‘EM(K)wemaywriteeachJ‘EM(K)intheformg(t) =f(~y+f),and 
consider the valuation w, defined as w,(f) = $(g). 
lK[ will denote { 1x1 1 x E K}. 
For every f E M(K), for every r > 0, If\(r) will denote limlxl+l~,x,+r If(x 
Besides, iff’E d(K),f(x) h as an expansion of the form xi”=, aixj, and we have 
If I(r) = =mE N I4 r’ (see PI or [31). 
Lemma 10. Let S be a stiffset in K, and letA g E d(K) be non constant, such that 
f-‘(S) = g-‘(S). Ifthere exists y E dff(K) such thatf = y o g, thenf = g. 
Proof. Let T =f -* (S). For each u E S, there exists x E T such that g(x) = U, 
hence y(u) = f(x) d oes belong to S. So, we have y(S) c S. In the same way, it is 
seen that y-‘(S) c S. Hence we have y(S) = S. But since S is stiff, we see that 
r=Zd. q 
Lemmall. ForanyfE d(K)andr > O,onehasIf’l(r) I (l/r)lfl(r). 
Proof. Since f is an entire function, this inequality is classical, and is given, for 
example, in [3], Theorem 13.5. q 
Lemma 12. Let P E L[u] satisfying: 
(i) P(U) = CO + CT=,, CjUj, with coc,c, # 0, andm > 1, 
(ii) P’ has no multiple zero d@erentfrom 0. 
Letf, g E L((x)) satisfy: 
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(iii) P(f) = XP(g)forsome X E L\{O, l}, 
(iv) +(g) > 0. 
Then we have $(f) = 0, and m+(g) is equal either to $(f -f (0)), or to 
2$(f -f(O)). Besides, ifm$(g) = 24(f -f(O)), then we have P’(f(0)) = 0. 
Proof. Since X # 1, it is easily seen that f, g can’t have any common zero. 
Hence we have G(f) < 0. Besides, iff has a pole at 0, clearly P(f(x)) also has a 
pole at 0, which contradicts the conjunction of (iii) and (iv). So, we have 
+(f) = 0. If g is identically zero, it is easily seen that f is a constant different 
from zero. But then, we have $~(f -f(O)) = G(g) = +CQ and therefore the 
conclusions are true. 
Now, we suppose that g is not identically zero. We put s = $(S -f(O)) and 
G(g) = q. Let g(x) = CT!, bjxj (with b, # 0), and let f(x) 7 a0 + CT!=, ajx’ 
(with aOas # 0). Thus, we have P(f(x)) = CO + CT==, cjf(x)‘, and P(g(x)) = 
c0 + CJE=, cj&T(X>". 
Now, putting t = CT’=, ajxj = x”h(x), with h(0) # 0 we see that P(S(x)) is of 
the form CzZo ((P(k)(ao))/k!)tk. So, we check that P(f(x)) is of the form 
(1) 
n PCk)(ao) k 
P(f(x)) = P(a0) + C ___ 
k=l k! 
xs h(x)! 
Thus, for j = s, . . . ,2s - 1, each coefficient aj is of the form P’(f(O))pj, with 
pj E K. In the same way, it is seen that azs is a linear combination of P’(0) and 
P”(0). 
On the other hand, P(g(x)) is clearly of the form CO + c,brxmq + x”q+‘l(x), 
with e E L( (x)), and @Cl(e) 2 0, and with c, bo # 0, hence we have +(P o g - CO) = 
mq. So, $4P of - P(a0)) is also equal to mq. So, if mq > s, then we have 
P’(ao) = 0, and therefore mq 2 2s. Besides, if mq > 2s, then we have P’(ao) = 
P”(ao) = 0, which is excluded by hypothesis. Hence, we see that if mq > s, then 
mq = 2s. This ends the proof of Lemma 12. q 
Corollary 1. Let a E K, andlet P E K[x] satisfy: 
(i) P(u) = CO + I;=, cjuj, with COC,C, # 0, andm > 1, 
(ii) P’ has no multiple zero d@erent from 0. 
Letf, g E M(K) satisfy: 
(iii) P(f) = XP(g) for some X E K\{O, l}, 
(iv) wa(g) > 0. 
Then we have w,(f) = 0, and mwa(g) is equal either to w,(f -f (a)), or to 
2WLY(f -f(a)). Besides, ifmwcY(g) = 2wLY(f -f(a)), then we have P’(f (a)) = 0. 
Corollary 2. Let a: E K, and let P E K[x] and satisfy: 
(i) P(u) = co + C,“=,, cju’, with COC,C, # 0, andm 2 2, 
(ii) P’ has no multiple zero d@erent from 0. 
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Let f, g E M(K) satisjy: 
(iii) P(f) = XP(g) for some X E K\{O, l}, 
(iv) UN(g) > 0. 
Then, we have w,(f) = 0, andw,(g) 5 w,(f ‘) in thefollowing two cases: 
m > 3, 
m = 2, and P - Xc0 has no multiple zeros. 
Proof. Let s = w,(f -f(a)), and q = wcy (g). If m > 3, by Corollary 1, we have 
2s 2 mq, then s 2 3q/2, therefore s > q + 1. If m = 2, and if P(x) - Xc0 has no 
multiple zeros, then by Corollary 1 again, we have s = mq 2 2q 2 q + 1. In 
both cases we have w,(f ‘) = s - 1 2 wO(g). q 
Lemma 13. Let n,m E N satisjy 0 <: m < n. Let a E K, and let jig E d(K) sat- 
isfy f n - af m = g” - agM with g not identically zero. Either there exists X E K * 
suchthatf =Xg,orm= l,n=2,f +g=a. 
Proof. Let h = f /g. We suppose that h is not a constant. We have g” ~ “(h’ - 1) = 
a(hM - 1). Let W (resp. U) be the set of the m-th roots of 1 (resp. the set of the 
n-th roots of 1). Then, we have gnPM n,, U (h - u) = a&,, w (h - w). 
By Lemma 5 there exists at most one value Q E K such that h - Q has no zero 
in K. So, U\W has one element at most. Since m < n, then W must be con- 
tained in I/, and we have n = m + 1. Besides, any m-th root of 1 being a n-th 
root,itisseenthatm= l,n=2,andf +g=a. 0 
Lemma 14. Let n, m E N satisfy 2 5 m < n, and let a E K be such that the poly- 
nomial P(u) = u” - au” + 1 is afible. Let f?g E d(K) be non constant and 
satisfy P( j’) = P(g). Then f = g. 
Proof. Indeed, by Lemma 13, there exists 8 E K* such that f = 0g. So, we 
notice that P(u) = P(k) Vu E f (K). Therefore, the mapping y E dJf(K) 
defined as y(x) = 8x satisfies P o y = P. But since P is affable, by Lemma 8 we 
have8=1. q 
Lemma 15. Letf,g E M(K) b e non identically zero, and s E fV * satisfy w,(f) > 
SW,(g) for every Q E K. Then there exists a real constant T > 0 such that 1.f l(r) 2 
T(lgl(r))‘foreveryr > 1. 
Proof. Indeed, since each mapping w, is a valuation on M(K), it is seen that 
f/g” has no pole, and therefore belongs to d(K). Hence the function @ in r 
defined as 4(r) = /f/g”l(r) is increasing in [l, x [. q 
Proof of Theorem 3. Let f,g E d(K) be such that E(f, S) = E(g, S). By 
Lemma 6 there exists X E K * such that P(f) = X P(g). We suppose that X # 1. 
Clearly, we have wp(g’) 2 ws(f) w h enever /3 E K, because this inequality is 
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trivial when ,0 is not a zero for f, and is given by Corollary 2 when p is a zero 
for f. Then, by Lemma 15, there exists a constant A4 > 0 such that /g/l(r) 2 
M/fl(r) whenever  > 1, and therefore by Lemma 11 we have Igl(y) 2 ~Mlfl(~). 
But since X # 0, in the same way there exists a constant T > 0 such that 
VI(r) L Wgl(r). S o, we have Ifgl(r) > r2A4Tlfgl(r) ‘dr > 1, and then, this in- 
equality is absurd when r tends to +co. So, we have X = 1, and therefore, by 
Lemma 14, f = g. 0 
Lemma 16. Let a E K’ andlet n, m E N satisfy n > m > 1. Let X E K\{O, 1). Let 
P(u) = 24” - au” + 1 E K[u]. Let f,g E M(K) be non constant and satisfy 
P(f(x)) = AP(g(x)) and P’(f(a)) # Of or each zero cx of g. Then, there exists a 
constant A > 0 such that ) f ‘1 (r) > A lgl (r) Vr 2 1. 
Proof. Let LY be a zero of g. By Corollary 1, we have w,(f ‘) + 1 = mw,(g). But 
as m 2 2, we have w,(f’) 2 2w,(g) - 1 > wQ(g). So, the inequality wp(f’) 2 
wp(g) finally holds for every p E K. So, f ‘/g is an element of M(K) that has no 
pole in K, and therefore belongs to d(K). Besides, f ‘/g is not identically zero 
because f is not constant. Hence, there obviously exists a constant A > 0 such 
that lf’l(r) 2 Algl(r) Vr > 1. q 
Lemma 17. Let a E K” and X E K\{O, 1). Let P(u) = a” - auM + 1 E K[u], with 
2 5 m < n. LetA g E d(K) be non constant andsatisfy: 
(1) P(f (x)) = XP(g(x)) t’x E K. 
Then P - X admits at least one multiple zero. 
Proof. Suppose that P - X has no multiple zero. Then for every zero cx of g we 
have P’(f (a)) # 0. H ence, by Lemma 16, there exists a constant A > 0 such 
that: lf ‘l(r) > Algl(r), f or all r > 1. Hence by Lemma 11 we have: 
(2) lf l(r) 2 Arlgl(r), for all r 2 1. 
Now let (r&, N be an increasing sequence in IKl = {lxl\x E K} with rg 2 1, 
such that f,g have no zero in each circle C(0, re). Clearly we have: lf (xe)l = 
If I(rd, Idxdl = Igl(rd W E N. 
Given a non constant entire function h(x) = ~~Zo vixj, lhl(r) = supjEN lvjlrj 
is an increasing function in r that tends to infinity when so does r. So, by (2) we 
have: 
(3) lim If I(re) = fcq and VI(Q) - = +c0. eifoo ~!%zc Igl(re) 
But whene is big enough, we have lP(f(xe))l = (lf l(re))“, lP(g(xe))l = (lgl(re))“. 
Hence by (3), we have lim~++oo(lP(f(xe))l/IP(g(x~))l) = +co, which contra- 
dicts (1). q 
Proof of Theorem 4. As we saw in a remark above, if S is not stiff, it is not a 
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URS. Now, we suppose that S is stiff. Let S = {bl, bz, b3). By Lemma 9 there 
exists h E dff(K) such that UT=, (ZJ - h(bj)) is a polynomial P(U) of the form 
U3 - au2 + 1, and is affable because it obviously has 3 different zeros that form 
a stiff set. Therefore, by Theorem 2, a is different from 0, and we have a3 # p, 
By Lemma 6 there exists X E K’ such that P(f) = M(g). We suppose that 
X # 1. By Lemma 17, P - X admits at least one multiple zero 0. Hence, by 
Lemma 1 we have (a/3)322 = 1 - A. But since X # 0, f and g play the same role, 
and then we also have (a/3)322 = 1 - (l/X). These two relations give X2 = 1 
and so X = - 1. But then, P + 1 admits a multiple zero 8, and then it is seen that 
a3 = q, which is excluded because P is affable. Thus we have proven that X = I, 
and therefore, by Lemma 14, J = g. q 
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